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Over  the  past  ten  years  considerable  progress  has  been  made  in  studying 
various  questions  concerning  rational  approximation  on  unbounded  sets.  To 
a large  extent  the  starting  point  of  this  effort  was  the  paper  of  Cody, 
Meinardus  and  Varga  [6]  and  this  has  led  to  investigations  of  best  approxi- 
mation properties  in  various  settings  [1-4,  8-9]  and  studies  of  the  error 
of  best  approximation  [10-12]. 

In  this  paper  we  wish  to  study  the  best  approximation  properties  of 
strong  uniqueness  and  continuity  of  the  best  approximation  operator  for 
reciprocal  polynomial  approximation  on  [0,  <*>)  of  continuous  positive 
functions  tending  to  0 as  x ->■  ®.  Thus,  we  define 

(1)  Cq[0 « °°)  3 (f  € C[0,  «):  f(x)  > 0,  x e [0,  »)  and  lim  f(x)  = 0}, 

X-xo 

and 

(2)  3 P € nn,  p(x)  > 0,  x e [0,  »)},  n > 1, 

where  nn  denotes  the  class  of  all  algebraic  real  polynomials  of  degree  <_  n. 
Furthermore,  define  ||f||  - sup{|f(x)|:  x e [0,  «)}  in  what  follows.  In 
this  setting,  it  is  known  that  best  approximations  exist  and  are  unique 
[3,  4]  and  that  the  following  characterization  theorem  holds: 
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THEOREM  1 [4].  Let  f € Cg[0,  »)  ~ Rn  with  n _>  1.  Then  is  the  best 
approximation  to  f from  Rn  on  [0,  «)  iff 

(i)  (standard  alternation)  there  exist  (x^l^g,  0 £Xg  < x^  < ...  < x^-j, 
such  that  | f (x • ) - p»|x^|  = ||f  - ^-',1  , i =0,  ....  n + 1 and 

f(xi)  " P*TxTT  = "*f(x1+l^  ' P*(x1+1))’  1=0 n; 

or 

(1i)  (nonstandard  alternation)  3p*  <_  n - 1 and  there  exist  {x^}"_g, 

0 5 x0  < xi  < •••  < xn  such  that  f(x.j)  - p»-^y  = (-l)n_i  ||f  - ^r||  . 

In  both  cases  the  points  {x^>  are  called  extreme  points.  Also,  we 

wish  to  note  the  for  n >_  1,  p*  cannot  be  a constant.  Indeed,  since 

f(x)  > 0 for  all  x € [0,  <*>)  and  lim  f(x)  = 0,  then  in  order  for  the 

reciprocal  of  a constant,  to  be  a best  approximation  to  f,  we  must 
o 

have  that  c*  = ^ where  M = max  f(x).  Since  f(x)  -*■  0 as  x ® we  can 

x>0 

find  Xq  > 0 such  that  f(x)  < M for  x _>  Xg.  It  is  then  easilty  seen 

that  for  p*(x)  = e(x  - Xg)  + c*  with  e > 0 and  sufficiently  small  that 

|| f - -i||  < || f - 4f||  by  a straightforward  continuity-compactness 

argument. 

In  addition,  it  has  been  shown  in  [3]  that  if  ^ € Rn  is  the  best 
approximation  to  f € Cg[0,  •)  from  Rp  with  3p*  * n then  both  strong 
uniqueness  (i.e.,  ||f  - £||  - ||f  - p||  > y ||£  - ^f||  . y - v(f)  > 0 

for  all  1 £ Rn)  and  Lipschitz  continuity  of  the  best  approximation  operator 

at  f (I.e.,  ||4f  - J-||  < 6 ||f  - g||  , B - e(f)  > 0,  g € ct[0,  -)  and  -J-  the 
P Pg 

best  approximation  to  g from  Rn)  hold.  Furthermore,  it  was  shown  in  [3] 
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that  for  each  f whose  corresponding  best  approximation  from  R. 

n p 

satisfies  ap*  £ n - 2 the  strong  uniqueness  theorem  cannot  hold.  In 

this  present  paper  we  shall  prove  that  if  f e C«[0,  «)  has  -L-  e R„  as 

u n 

its  best  approximation  then  (i)  if  ap*  £ r.  - 2 (i.e.  ^ is  deficient 
of  order  two  or  more)  then  the  best  approximation  operator  is  discon- 
tinuous at  f and  (ii)  if  ap*  = n - 1 then  the  best  approximation  operator 
is  continuous  at  f.  It  remains  open  as  to  whether  or  not  a strong 
uniqueness  theorem  holds  in  the  case  that  ap*  * n - 1. 


Main  Results 

In  this  section  we  state  and  prove  our  main  results.  The  first 
result  establishing  the  discontinuity  of  the  best  approximation  operator 
Is  given  in  two  parts.  The  first  theorem  will  treat  this  problem  for 
the  case  that  either  ^ is  deficient  of  order  three  or  more,  or  when 
is  deficient  of  order  two  and  f - -jjjj  possesses  a standard  alternating 
sequence.  In  this  case  we  can  prove  even  stronger  results  concerning 
the  discontinuous  behavior  of  the  best  approximation  operator.  The 
second  theorem  will  treat  the  discontinuity  of  the  best  approximation 
operator  when  is  deficient  of  order  two  with  only  nonstandard  alter- 
nation holding  for  f - Our  final  result  will  be  to  prove  that  the 
best  approximation  operator  is  continuous  whenever  is  deficient  of 
order  one. 


THEOREM  2.  Let  f € Cq[0,  •)  * Rn  and  £Rn  be  the  best  approximation 
to  f from  Rn.  Further,  assume  that  ap*  £ n - 2 and  that  if  ap*  * n - 2 


4 


then  f - -jjy  possesses  a standard  alternating  set.  Then,  given  e > 0 


there  exists  6 > 0,  Rn  and  {gk>^=1  ccj[0,  ®)  such  that  each 
gk  has  as  its  best  approximation  from  Rn,  gk  converges  uniformly  to 
f on  [0,  ®)  and  s <_  ||-t  - -p||  <_  e for  all  k. 


REMARK.  This  theorem  establishes  that  not  only  is  the  best  approximation 
operator  discontinuous  at  f but,  in  fact,  that  it  is  also  not  possible  for 
a local  (relative  to  -^)  strong  uniqueness  result  to  hold. 


Proof.  Set  E = ||f  - ^f||  > 0 and  assume  without  loss  of  generality  that 
e i.  f-  Set  6 = Since  we  are  assuming  throughout  this  paper  that  n > 1, 
we  have  that  p*(x)  is  not  identically  equal  to  a constant  which  implies 
that  lim  p*(x)  = ®.  Select  B > 0 such  that  f(x)  <_  e and  p*(x)  > — for 

X-H»  e 

all  x >.  B.  Set  ek  = (|-  + p»(k))  ^ and  note  that  for  k i 6.  P*(k)  > ek. 

Define  pk  nn  by 

Pk(x)  - ek  ♦ (P*(x)  - ekU(f  - l)2  «•  P<(k^.  e>],  k > 8. 

Since  for  all  x > B,p*(x)  > ek,  we  have  that  (p*(x)  - ek)[(£  - l)2  + p*(k]_e  ] > 0 

Implying  that  pk(x)  > ek  > for  x > B. 

Next,  observe  that  ek  -*■  as  k -►  ® and  (£  - 1)^  converges  uniformly 

to  1 on  [0,  b]  as  k ».  Thus,  pk  converges  uniformly  to  p*  on  [0,  s]  as. 
k Now,  let  'TTT7-mi  KT 


n * min(  min  f(x),  min 
xe[0,B]  x«[0,b] 


P*(x)* 


i. . 1 j 
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and  select  y >.  g such  that  for  k > y,  max  |-4-y  - -J-y  < 7-  This 

“ xe[0,g]  |pk(x)  p (x)  “2 

implies  that  > ^y  - J > J > 0 for  all  x e [0,  g]  and  k > y. 

Hence  € Rn  for  k > y as  pk(x)  > 0 for  all  x 6 [0,  »). 

Now,  since  pk(k)  = 2ek  we  have  tnat  ^j-|jy  - ^*|^y  = | = s.  Thus, 
llp“  - ^rll  > 6 for  all  k ^ y.  Also,  for  k > y we  have  that 

p^jx)  ■ p*]xj  e Tor  x e [0,  g].  In  addition,  for  x > g we  have 

that  P*W  < t and  pjjxj  - T for  k - w-  Hence  ' pffll  < e as  claimed. 

Finally,  define  gk,  for  k _>  w,  by 
' 

,(x)  * p^TJT  * pW’  * e Co’  6] 

9|C(X)  = y(x),  x>  B + J 

/linear  with  endpoint  values  f(g)  + ^y  - ^y  and  f(g+l),  x [g,g-t|]. 
Clearly,  gk  e C[0,  -),  k > y and  since  f(x)  + ^y  - ^y  > f(x)  - J > 0 

for  xe  [0,  g]  we  have  that  gk£  cj[0,  -)  for  k > p.  Since  f(g)+p- 

< T(g)  + £ 1 f (b)  + f £ T(g)  ♦ j ± |e  and  f (g  + £■)  <.  j we  have  that 

9k(x)  < |e  for  x € [g,  g + jr]  Implying  gk(x)  < yy  for  x > g.  Also, 
llp“  " jjHI  < c i f Implies  that  * py|x)  ♦ f < f for  x >,  g.  From 

this  It  follows  that  |gk(x)  - ^-|jy|  < g£  for  x * g.  In  addition,  for 

for  x € [0,  g]  we  have  that  gk(x)  - ^y  • f(x)  - pj^y  and  this  Implies 
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that  g - exhibits  the  same  alternating  behavior  as  f - on  [0,  •). 

Thus,  If  f - has  a standard  alternating  set  so  does  gk  - p-  implying 

that  p-  is  the  best  approximation  to  gk  from  Rn  on  [0,  <»).  If  f - pp 

possesses  only  a nonstandard  alternating  set  then  so  does  gt  - — . Since 

k P|< 

In  this  case  we  must  have  that  apk  <.  n - 3,  we  must  have  that  3Pk  ± n - 1 

Implying  once  again  that  p-  is  the  best  approximation  to  gk  from  Rn  on 

[0,  »).  Since  it  is  clear  that  gk  converges  uniformly  to  f on  [0,  «), 
the  proof  is  completed  by  relabeling  the  sequences  jp-j  and  tg^-^ 

as  | 3nd  {9k^=1'  respectively- 

k=1  I 

For  the  case  that  ap*  = n - 2 and  f - p-  has  only  a nonstandard 
alternating  sequence  we  have  the  slightly  weaker  theorem: 


THEOREM  3.  Let  f € Cq[0,  ®)  ^ Rn  and  pp  € Rn  be  its  best  approximation 
from  Rfl.  Further,  assume  that  ap*  = n - 2 and  f - pp  possesses  only  a 
nonstandard  alternating  set.  Then  there  exists  J-p|  c Rn  and 

lPklk=l 

Cg^jJ.l  C Cg[0,  ®)  such  that  for  each  k,  is  the  best  approximation  to 
gk  from  Rn  on  [0,  ®),  gk  converges  uniformly  to  f on  [0,  ®)  and 
11^-  * ^fII  > g*  where  E = ||f  - ^p||  > 0. 
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o r 

Proof.  Select  g > 0 such  that  p*(x)  ^ f(x)  and  p*(x)  is  monotone 

Increasing  for  x > 6.  For  k > g,  define 


Pk(x,  t)  = t + (p*(x)  - t)[(£-  l)2  + ^-ky  . t],  0 < t < x > 0. 

Note  that  pk(x,  t)  is  continuous  on  [0,  »)  x [0,  ^].  Define 

h(t)  * m1n{pk(x,  t):  x e [8,  2k]}  and  observe  that  h is  a continuous 

function  of  t,  0 < t _<  p In  addition,  h (0)  = min{p*(x)(£  - l)2:  x e [3.  2k]}  = 0 

as  k > 6 and  that  h(^)  = min{|  + (p*(x)  - |)[(|  - l)2  + Ep*(k)  r~fJ:  * £ [B,2k]}>£- 

as  p*(x)  > £■  on  [s,  2k].  Select  ek  e (0,  so  that  h(ek)  = p Thus, 

Pk(x,  e^)  >^>  0 for  x 6 [3,  2k].  Observe  that  Pk(x,  ek)  converges 

l et 

uniformly  to  p*(x)  on  [0,  s]  as  k + •»  since  0 < ek  <.p  p*fk)  . e -*■  0 

%#  O 

(^  “ 1)  converges  uniformly  to  1 on  [0,  g]  as  k -*■  ». 


and 


Next,  let 


n - m1n(  min  f(x),  min  rJvT,  f)  > 0. 
xe[0,3]  x«[0,g]  p w 4 

Select  p >.  g such  that  k ^ u Implies  that  •'TT  _>  g,  k > 1, 

rax( |^rx'!'ek')  - PTTf|:  xe[0’  6j)  Thus'  for  k ptfxl  ek)  2-?*  °- 

for  all  x £.  [0,  g].  This  Implies  that  for  k > p,  p"(~xl  ek)  P°s*tive 
and  converges  uniformly  to  p*[^y  on  [0,  g].  In  addition,  for  k >.  p and 
x e [0,  A]  we  have  pk(x,  eR)  >ek+  (p*(x)  - ek)[(-jj:  - D2] 

> ek  + J(p*(x)  - ek)  >.  Jp*(x)  > £ as  p*(x)  > | for  x > g.  Since 
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tp--(x,-  ek):  x e 2k]}  = E we  have  that  tke  [6.  2k]  is  such 

E PfcfV  ek>  = E the"  ‘k  > * for  k i »• 

Next,  note  that  for  x ^ k >.  y,  pk(x,  ek)  is  a monotone  increasing 


function  of  x and  that  pk(2k,  ek)  = ek  + (p*(2k)  - ek)(l  + _ e ) 

8 1 E 

1 p*(2k)  _>  p Thus,  pk(x>  e^)  £ 3 for  x _>  2k.  Summarizing,  we  have 
Sh0W"  that  pj^xTe^T  i £ ^ x € [0,  X}.  £ | for  x > 2k  and 

P (xl  e.  ) - E for  x € C^»  2k]  with  tk€  C^iT,  2k]  a point  at  which  the  value  E 
is  attained. 

Next,  define  ak  by  E - ok  = max{(Pk(xl  e ) - f(x)):  xe  [B,  2k]}. 

Since  f(x)  < | for  x > e and  pk(tk>  ek)  = E we  have  that  E-»k>E-  f(tk) 

> |e  implying  that  | > f(tk)  > ak.  Let  yke  [B,  2k]  be  such  that 

P?yk,  ek)  * f 1 W s E - °k  for  each  k £ «*•  Since  pj^(xi'  ekV  £ I for 

x € [6.  ft]  we  have  that  yk  € [4T,  2k].  Also,  since  f(tk)  -*•  0 as  k - « 

(as  tk  -►  »)  it  follows  that  ak  -►  0 as  k -►  ».  Noting  that  f(x)  <^  | for 

x e It.  -)  and  that  £ § for  x > 2k  we  have  that  |f(x)  - - (x|  ^ 

£ E . ek  for  x e CB,  -)  and  k » u.  Also,  since  ^ %)  - E and  < | 

we  have  that  [|— ^-  - 4f||  > — rp r - -4v^-  > 

pk  p “ Pk(tk.  ek)  p*(tk)  - 8‘ 


1 


1 
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Now  define  gk  by  (for  k _>  p) 

f(>)  * Pfc-ftTefc)  - p*W>  x 6 [0-  B]'  |f(x)  ' p*W|i  E - “k 
E ' “k  + Pk(x!  ek)'  x « [°-  -M  - psjjy  > E - ak 


9k(x) 


-E  + °k  + pk(x]  ek)  ’ x 6 C°>  f<x>  - JiftT  < -E  + <*k 


f(x). 


x - B + F 

1 1 . . J i.U  - i 


linear  on  [3,  3 + p-]  with  endpoint  values  f(a)  + — 7—^ * -4—, r 

k pk(e,  ek)  pr*XiT 

and  f ( 6 + £-). 


Observe  that  gk(x)  > 0 for  all  x >_  0.  Indeed,  for  x e [0,  3]  with 

|f(x)  • P*WI  - E - “k  we  have  that  gk  * f (x>  + pk(il  ek)  - P*TI7  i f<x>  - 2 

> J > 0.  For  x e [0,  3]  with  f(x)  - > E - ak,  gk(x)  = E - ak  + - ^ g 

- T * pk(x|  ek)  * 0 and  f°r  x « tO,  6]  with  f(x)  - < -E  + v 

5k<x>  = *E  + “k  + p-(x!  ek)  ■ -E  * “k  * + fk(x!  ek)  - i f<x>  - i 

>f  > 0.  Since  f(6)  * pk(e|  ek)  ~^b7x  W - \ >?»  0 and  f(6  + jL)  > 0 

we  have  that  gk(x)  > 0 on  [3,  3 + and  finally  gk  is  positive  on  [3  + ®) 

as  f is.  To  see  that  gk(x)  is  continuous  on  [0,  »)  one  must  only  check  on 
[0,  3]  as  for  x > 3 it  is  clearly  continuous.  However,  on  [0,  3],  gk(x) 

Is  simply  the  truncation  of  f(x)  - to  the  range  [-E  + ok,  E - ck]  plus 

the  continuous  function  — - | g y showing  that  gke  Cq[0,  «). 
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, let  us  consider  |gk(x)  - — e--y  . Note  that  by  construction 


— I k pku,  ekn  ' 

9k(x)  - (xl"-)  < E - ak  for  xe  [0,  e]  and  that,  if  {x- >7=o  with 

Xq  < x-j  < ...  < xn  is  a nonstandard  alternating  set  for  f - ^ then  we 

must  have  that  xn  < 6 and 

9k(xi}  - pj^xTTTJ  = sgn(f(x1)  - ^T77J-)(E  ‘ ak>  = H)n_1(E  - «k) 


Next,  on  [b,  B + |]  we  have  that  f(B)  < §.  f(e  + f)  if  and  P^TbtI5! 

so  that  gk(e)  £ f and  gk(e  + f ) < | . Thus,  gk(x)  <_ | on  [e,  6 + f].  Also, 

reca11  that  Pk(xl  e„)  i I °"  ^ 50  that  |9k<x>  - pk(x!  ek)l  if™ 

[B»  8 + f].  Finally,  we  noted  earlier  that  |f(x)  - ^ e y <_  E - ak  on 

[B,  •)  so  that  J g^tx)  - p ^ e y|  £ E - ok  on  [0,  »).  Since  there  exists 

k k 

yk  e Ifi,  2k]  at  which  f(yk)  - p ^ = -(E  - ak)  we  have  that  gk  - 

possesses  a standard  alternating  set  at  the  points  Xq  < x-j  < ...  < xn  < yk 

and  thus  —■  is  the  best  approximation  to  gt  from  R„  on  [0,  »).  Finally,  it 
pk  n 

is  a straightforward  argument  to  prove  that  gk  converges  uniformly  to  f. 

Thus,  once  again  reindexing  the  sequence  gives  the  desired  result. 

pk  K-u 

Next,  we  wish  to  show  that  if  f € Cg[0,  »)  has  as  its  best  approxima- 
tion from  Rn  with  ap*  = n - 1 then  the  best  approximation  operator  is 
continuous.  This  we  do  in  the  following  theorem. 


p;<x-.  sky  i E - “k on 
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THEOREM  4.  Let  f € Cq[0,  ■>)  * Rn  and  let  be  its  best  approximation  from 
Rn  on  [0,  “)  with  3p*  = n - 1.  Then,  the  best  approximation  operator  is 
continuous  at  f. 


Proof.  Let  c Cq[0,  «)  with  gk  -*  f uniformly  on  [0,  °°).  Further, 

let  7-eR  be  the  best  approximation  to  gt  on  [0,  »)  for  each  k.  Then, 
pk  n k 

we  must  prove  that  ||^-  - i||  + 0 as  k -*  ®.  Let  us  first  note  that 

Pk  P 

II 9k  - j^ll  1 II 9k  - jjrll  implying  that  11m  sup  ||gk  - ^-||  < 11m  sup  ||gk  - ^r|| 

* II  f - ^fII  » E.  Also,  E = || f - pSd|  < ||f  - i||  i ||f  - gk||  + II 9k  - ^|| 

implying  that  E * lim  inf(E  - |(f  - gk ((  ) < lim  inf  H gw  - -f-(|  . Combining 

k-»-  * ~ k-*»  K pk 

these  results  gives  that  lim  ||gt  - -J-||  = E.  In  addition,  since 

k—  * pk 

E £ II f - “-||  £ ||f  - gkH  + II gk  - ~||  we  also  have  that  lim  ||f  - -p||  = E. 
pk  pk  k-H»  pk 

Next,  fix  y e [0,  ®)  such  that  f(y)  = max{f(x):  x e [0,  »)}.  Then 

since  a constant  cannot  be  a best  approximation  to  f from  Rn  on  [0,  ®)  we 
must  have  that  2E  < f(y).  Select  6 > 0 such  that  for  xe-I=[y-6,y+6]fi[0,<=°) 
we  must  have  f(x)  >^(2E  + f(y))  > 2E.  Choose  p such  that  k _>  p implies 
that  || f - ^-||  i.^E-  Then  for  k > p and  x e I.  we  have  that 

0 < m - 2E  - |E  < f(x)  - |E  < < f(x)  + |e  < ||f||  + |e  = M. 

In  addition,  observe  that  the  inequality  --|xy  < M holds  for  all  x € [0,  ») 

and  k >.  p.  Let  (pv>  be  a subsequence  of  {pk>.  Then,  since  g <.  Py(x) 


12 


for  all  x € I,  there  exists  a subsequence  {p^}  of  {py}  such  that  p^ 

converges  uniformly  to  some  p € nn  on  I.  This  implies  that  the 

coefficients  of  py  converge  to  the  coefficients  of  p which  in  turn 
implies  that  for  each  x e [0,  «),  Py(x)  -*■  p(x).  Thus,  we  must  have 
jj£p(x)  £ jjj-  on  I and  pj-£p(x)  on  [0,  °°).  This  last  inequality  shows 
that  p e.  Rn-  Furthermore,  for  x €-  [0,  «)  fixed,  f (x)  - -|x^ 

= lim  f(x)  - — 4-y  < lim  f - — = E.  Thus,  f - i £ E implying 

n-K»  Vx'  ru®  pu  P 

that  p = p*  by  the  uniqueness  of  best  approximations  from  Rn.  Since 

this  is  true  for  any  subsequence  {py}  of  {p^}  we  must  have  that  this 

is  also  true  for  the  full  sequence  {p^}.  That  is,  that  p^  converges 

uniformly  to  p*  on  I and  pointwise  on  [0,  ®).  To  complete  this 

argument  we  must  prove  that  converges  uniformly  to  -4-  on  [0,  ®). 

pk  p 

From  the  above  discussion  we  have  that  converges  pointwise  to  ^ 

on  [0,  »)  and,  in  fact,  on  any  fixed  closed  interval  [0,  a],  a > 0, 

4-  converges  uniformly  to  p*  (due  to  the  coefficient  convergence). 
pk 

In  order  to  establish  this  final  fact,  we  must  examine  the 
coefficient  convergence  in  more  detail.  Thus,  let  p*(x)=a*_.|Xn“^+. . .+ag 
with  a*_i  > 0 (here  we  are  using  our  hypothesis  that  ap*  * n - 1 and 

L n Is 

p*  € Rn)  and  let  PjJx)  = a*x  + ...  + ag  where  we  know  that  the  leading 
nonzero  coefficient  of  pk  must  be  positive.  In  addition,  we  have  that 

k 

a^  -►  a*  as  k -*  ® for  j = 0,  1,  ....  n where  a*  = 0.  Thus,  there  exists 

k - k 

Y > 6 such  that  k >_y  implies  that  a*_j  _>  > 0 and  laj  " ajl  1 1 Tor 


j a 0,  ...»  n - 2.  Thus,  given  e > 0 there  exists  6 > 0 such  that 


I 
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Observe  that  the  auestion  of  whether  or  not  a strong  uniqueness  result 
holds  for  the  case  that  f e Cq[0,  °°)  with  its  best  approximation  from  Rn 
satisfying  3p*  = n-1  remains  open.  Likewise,  the  question  of  Lipschitz  con- 
tinuity of  the  best  approximation  operator  remains  open  in  this  case. 

A second  item  of  interest  is  that  in  ordinary  rational  approximation 
on  a finite  interval,  nonstandard  (i.e.,  fewer)  alternation  due  to 
degeneracy  of  the  best  approximation  may  be  unimportant  as  the  set  of  f 
with  degenerate  best  approximations  is  nowhere  dense  [5,  7].  If  the 
corresponding  result  that  { f : the  best  approximation  € Rn  has  3p*  < n} 
was  nowhere  dense  then  we  could  expect  to  be  able  to  usually  employ  the 
simpler  theory  of  [8]  for  this  problem.  However,  the  continuity  result 
for  degree  n - 1 implies  that  every  f with  nonstandard  alternation  and 
best  approximation  € Rn  with  3p*  * n - 1 has  all  g sufficiently  close 
with  nonstandard  alternation  and  best  approximations  of  degree  n-1.  In 


P(x)  = -yV1"1  + (a*_2  - l)xn"2  + ...  + (ag  - 1)  if-  Since  pk(x)  > p(x) 

for  k >_  y and  p*(x)  > p(x)  for  all  x > 6 we  have  that 

1 1 1 , 1 e , e _ 

P|((x)  " p*(x)  - pjjxl  p*(x)  < 2 2 ' e 

for  k ^ y and  x >.  6.  On  [0,  6]  we  have  that  — converges  uniformly  to  -i-. 

pk  p 

Thus,  we  may  select  K >_  y such  that  k ^ K implies  - p*|'x'yj  < e for 

all  x £ [0,  «].  Hence,  for  k > K we  have  that  ||-p  - -!*||  < e implying 

pk  p 

the  desired  result. 


Concluding  Remarks 
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this  regard,  an  Interesting  question  is  to  characterize  those  f for  which 
nonstandard  alternation  will  occur.  Some  initial  results  in  this  direction 
have  been  obtained  by  the  second  author  and  0.  Leeming. 


1. 


2. 

| 

l 

3. 


4. 


5. 


6. 


7. 


8. 


9. 

10. 

11. 

12. 


REFERENCES 

H.-P.  Blatt,  Rationale  Approximation  auf  [0,  ®),  ZAMM,  53  (1973), 

182-183. 

H.-P.  Blatt,  Rationale  Tschebyscheff-Approximation  iiber  unbeschrankten 
Intervallen,  Habilitationschrift  der  Universitat,  Erlangen-Niirnberg,  1974. 

D..  Brink,  Tchebycheff  approximation  by  reciprocals  of  polynomials  on 
[0,  ®),  Ph.D.  Thesis,  Michigan  State  University,  1972. 

D.  Brink  and  6.  D.  Taylor,  Chebyshev  approximation  by  reciprocals  of 
polynomials  on  [0,  <*>),  J.  Approximation  Theory,  16  (1976),  142-148. 

E.  W.  Cheney  and  H.  L.  Loeb,  Generalized  rational  approximation,  SIAM 
J.  Numer.  Anal.,  Ser.  B1  (1964),  11-25. 

W.  J.  Cody,  G.  Meinardus  and  R.  S.  Varga,  Chebyshev  rational  approximation 
to  e'x  in  [0,  +»)  and  applications  to  heat-conduction  problems,  J.  Approx. 
Theory,  2 (1969),  50-65. 

C.  B.  Dunham,  Alternating  Chebyshev  approximation,  TAMS,  178  (1973), 
95-109. 

C.  B.  Dunham,  Chebyshev  approximation  by  interpolating  rationals  on 
[a,  -),  Math.  Comput.,  29  (1975),  549-551. 

E.  H.  Kaufman,  Jr.  and  G.  D.  Taylor,  Uniform  approximation  with 
rational  functions  having  negative  poles,  J.  Approximation  Theory,  to 
appear. 

A.  R.  Reddy  and  Oved  Shlsha,  Rational  approximation  on  the  positive 
real  axis  - a survey,  preprint. 


E.  B.  Saff,  R.  S.  Varga  and  W.-C.  Ni,  Geometric  convergence  of  rational 
approximations  to  e-z  in  infinite  sectors,  preprint. 


E.  B.  Saff,  A.  Schonhage  and  R.  S.  Varga,  Geometric  convergence  to  e~z 
by  rational  functions  with  real  poles,  Numer.  Math.,  25  (1976),  307-322. 


| 


UNCLASSIFIED 


*-*R|TY  CLASSIflCAT'cilC  OF  THIS  PAGE  (When  Dele  Entered) 


READ  INSTRUCTIONS 
BEFORE  COMPLETING  FORM 


2.  GOVT  ACCESSION  NO.  9.  RECIPIENT'S  CATALOG  NUMBER 


REPORT  DOCUMENTATION  PAGE 


h;if. 

i UPTBW 


Charles  B.^Dunham  aaat  G.  D ^Taylor  j j 


9.  PERFORMING  ORGANIZATION  NAME  AND  ADDRESS  — ■ 

Colorado  State  University  , \ / q \ 

Department  of  Mathematics'  3 

Fort  Collins,  CO  80523 


11.  CONTROLLING  OFFICE  NAME  AND  ADDRESS  _ 

Air  Force  Office  of  Scientific  Research/NM 

RnIHno  APR  TT  C 7ITIR9  I 14 


14.  MONITORING  A6E«4«.llAM£i_AOOReSS(l<  diHer«n(  from  Coolrolllni  Olflc«;  IS.  SECURITY  CLASS,  (of  thio  report) 

(l3^(  /[  UNCLASSIFIED 


\Sm.  DECLASSIFICATION/ DOWNGRADING 
SCHEDULE 


16.  DISTRIBUTION  STATEMENT  (of  thla  Report) 


Approved  for  public  release,  distribution  unlimited. 


17.  DISTRIBUTION  STATEMENT  (of  the  abatract  entered  In  Block  20,  If  different  from  Report) 


19-  KEY  WORDS  (Continue  on  reveree  aide  If  neceeemry  and  Identify  by  block  number) 

Reciprocal  polynomial  approximation  on  [0,  ®) , constrained  rational 
approximation. 


0.  ABSTRACT  (Continue  on  reveree  aide  If  neceeemry  and  Identity  by  block  number) 

Continuity  of  the  best  approximation  operator  is  studied  for  approximating 
continuous  positive  functions  tending  to  zero  as  x(+^fl*  by  reciprocals  of 
polynomijs  on  <(J  , $)  is  studied.  Both  negative  andpositive  results  are 
obtained^ 

f\  ! A .3,  ■ 


DD  I JAN*73  1473  EOITION  OF  1 NOV  •»  IS  OBSOLETE 


UNCI. ASS 


